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1. INTRODUCTION

For a nonequilibrium beam-plasma system, the lowest-order Born approxi-
mation for the nonlinear force F I on the bare charge of an unperturbed
relativistic test particle is given byl- 3

+ + k +

Fa =lim-e fdk k---.*a)(1t +00 W + i6

Here a is a label designating the species of the test particle of charge e a
and velocity v, t is the time, Z is the wave vector, and w is the f rquency
corresponding to the Fourier component Ek of the total field, 6(x) is the one-
dimensional Dirac delta function, 6 is a small imaginary part, and
dk E d3kt dw. Equation (1) differs from equation (7) of Akopyan and
Tsytovich 1 by an additional factor of (2f)- 3 appearing in the latter because
of the different Fourier transf,-.m convention chosen there. 2  If the part of
the contribution to the force, equation (1), which is associated with recoil
of the unperturbed bare test particle due to bremsstrahlung, is averaged over
the random phase of the bremsstrahlung field, it reduces to

<Frad(1) = <+arad(la), + <arad(Ib)
aF F>+< (2)

where

+orad(la) d po d 3 k dK K2 e2e 2 f
167t2 aX 8 (27r) 3  W2 (Kva} 4

x - it)~ tap - ('va + (+ - t).8)

is defined and calculated in this report, and <F ra()> is defined by equa-
tions (25) (26), and (47) below but calculated in another report. The)4 ad ( b >-.-,
quantity <Fa b)> is not mentioned by Akopyan and Tsytovich, I but it is
nonvanishing and makes an important contribution to nonlinear bremsstrahlung.

1A. V. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
. Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys. 1 (1975), 371].

2H. E. Brandt, Nonlinear Force on an Unpolarized Relativistic Test Parti-

cle to Second-Order in the Total Field in a Nonequilibrium Beam-Plasma System,
Harry Diamond Laboratories, HDL-TR-1995 (August 1983).

"H.E. Brandt, Nonlinear Dynamic Polarization Force on a Relativistic Test
Particle in a Nonequilibrium Beam-Plasma System, Harry Diamond Laboratories, "'
HDL-TR-1994 (September 1983).

*H. E. Brandt, Collective Bremsstrahlung Recoil Force on the Bare Charge
of an Unperturbed Test Particle in a Nonequilibrium Beam-Plasma System, Harry
Diamond Laboratories, 1983, (to be published).
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The quantity <Fg°ad (la)> given by equation (3) corresponds to equation (27) of
Akopyan and Tsytovich.1  Their equation (27) is expressed in Gaussian units, -

whereas equation (3) above is in MKS units. This results in an additional i0

4 overall factor of (4fT) 2 in Akopyan and Tsytovich.1  Also there is an addition-
al factor of (21r)-6 in their work because of different Fourier transform .

conventions. However, their equation (27) also differs from equation (3) here
in that they omit an overall factor of 2. Also, the arguments k and -K of
A)[k, in equation (3) appear incorrectly interchanged in equation (27)
of Akopyan and Tsytovich. 1 As shown below, these disparities are evidently 7,0
due to minor errors in their work.

In equation (3), a designates the species of the other particle with++ R(0)
velocity va, momentum PS, and background distribution fpO involved in the
bremsstrahlung process. Also, + is the momentum transfer rom the test parti-

cle and Ea ( 0 ) is the amplitude of the lowest order stochastic bremsstrahlung
field with polarization e and mode a. The matrix 13 -K) in equation (3)

is defined byl
- 3

eae~e =ak vi +- v (4)k
e ~ v~kj-vajkli vcvJ ~ -c2

w- - (w - k-v - i6) 2
,:..

The quantity Gmn (k) in equation (3) is the linear photon Green's function,
whose inverse is given by4

G. = (kikj - k 2 6,j) + ()
'j 110 (w + i6)2 1.

'A. V. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Soy. J. Plasma Phys. 1 (1975), 371).

2H. E. Brandt, Nonlinear Force on an Unpolarized Relativistic Test Parti-

cle to Second-Order in the Total Field in a Nonequilibrium Beam-Plasma System,
Harry Diamond Laboratories, HDL-TR-1995 (August 1983).

3H. E. Brandt, Nonlinear Dynamic Polarization Force on a Relativistic Test
Particle in a Nonequilibrium Beam-Plasma System, Harry Diamond Laboratories,

HDL-TR-1994 (September 1983).
4H. E. Brandt, The Total Field in Collective Bremsstrahlung in a Nonequi-

librium Relativistic Beam-Plasma System, Harry Diamond Laboratories, HDL-TR-
1996 (September 1983).
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For a spatially isotropic system, the dielectric permittivity tensor Ei is

given by4 -7

•) = ..
Eij(k',) = (i - )Et(kW) + E £ W(,) (6)

where et and c, are the transverse and longitudinal permittivity, respec-
tively. In this case the linear photon Green's function is given by4- 6

.," kikj __2___kik__

+/Gij = -2 j + (7)

,ak2: 2 22 + fO

tes[d + - v + i s  (8)

S2(w + i6)2  /c (2n)3  Sm k + i6 (8)m

and the ta

+ + + (
Si 2  (2 70)3  s - S

-and

respectively. Here co and o are the permittivity and permeability, respec-
tively, of the vacuum. Each species s of particles present in the system
makes a contribution to equations (9) and (9). If the distribution function
depends only on energy, then using the expression es for the relativistic
energy of a particle of species s, namely,

s (pc 2 + mc 4 1/2 (10)

allows equations (8) and (9) to be easily rewritten in terms of3fR(0)las.4, 5

4H. E. Brandt, The Total Field in Collective Bremsstrahlung in a Nonequi-
librium Relativistic Beam-Plasma System, Harry Diamond Laboratories, HDL-TR-
1996 (September 1983).

5A. I. Akhiezer, I. A. Akhiezer, R. V. Polovin, A. G. Sitenko, and K. N.
Stepanov, Plasma Electrodynamics, Vol. 1, Linear Theory, Pergamon Press
(1975), 206.

6V. N. Tsytovich, Nonlinear Effects in Plasma, Plenum Press, New York
(1970), 314.

7V. N. Tsytovich, Theory of Turbulent Plasma (Consultants Bureau), Plenum
Publishing Corp., New York (1977), 63-65.
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In the present work, equations (2) and (3) are derived from first princi-

ples for the purpose of identifying some of the important physical assumptions
and mathematical techniques involved in Tsytovich's theory of nonlinear brems-

* strahlung and radiative instability in relativistic nonequilibrium beam-plasma '
systems (see also Selected Bibliography). 1 This will facilitate understanding
and illustrate the procedures for reducing other components of the total

nonlinear recoil force on a test particle due to bremsstrahlung emission. 1

The present work, together with other related work by the author (see also -i

Selected Bibliography), 2- 4 is important for ongoing work in calculating col-

lective radiative processes and conditions for the occurrence of radiative
instability in relativistic nonequilibrium beam-plasma systems..

2. REDUCTION OF A COMPONENT OF THE BREMSSTRAHLUNG RECOIL FORCE

In this section, equation (3) is to be derived by reducing that part of
equation (1) which corresponds to bremsstrahlung recoil. Also the
quantity <frad(lb)> appearing in equation (2) will be defined. It has been
shown by using the balance equations that the general form for the collective
bremsstrahlung recoil force on a test particle participating in induced brems-
strahlung in a nonequilibrium beam-plasma system is given by

1 '8

Old~t dw 3u d3p
a (27r) 9  w2 aw (t WfP) (1--

xEV()l2 V - *- -+ (Z

.5 .

IA. V. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys. 1 (1975), 371].

2H. E. Brandt, Nonlinear Force on an Unpolarized Relativistic Test Parti-

cle to Second-Order in the Total Field in a Nonequilibrium Beam-Plasma System,
Harry Diamond Laboratories, HDL-TR-1995 (August 1983).

3H. R. Brandt, Nonlinear Dynamic Polarization Force on a Relativistic Test
Particle in a Nonequilibrium Beam-Plasma System, Harry Diamond Laboratories,
HDL-TR-1994 (September 1983).

4H. E. Brandt, The Total Field in Collective Bremsstrahlung in a Nonequi-
librium Relativistic Beam-Plasma System, Harry Diamond Laboratories, HDL-TR-
1996 (September 1983).

8H. E. Brandt, On the Form of the Collective Bremsstrahlung Recoil Force
in a Nonequilibrium Relativistic Beam-Plasma System, Harry Diamond Labora-
tories HDL-TR-2026 (January 1984).

* . 8

"' ***.j *. . . ---- " " - * ,-% *?:"" ""* '2 -. "" -. " ." .- .. . - '." " ' ' ' . " "" ' ' -'""'

*% . . 5 5. . .. . ij% .- 'i' ._ ,_....- 5. '..-. . .. .. 1.-....-. . •



Here the dielectric constant ec (k,w) for the bremsstrahlung mode o is defined
in terms of the dielectric permittivity tensor eij(k,w) and the unit electric
polarization vector 4c by4 t6' 8,,

(+,W) c 0* 0 ke k e . (12)
Ek eki~ijekj + Co k (4+0( +*

W

Also in equation (1I), E( 0 ) is the zeroth-order amplitude of the stochastic
bremsstrahlung field, and Vap 8 (Z,Z) is the bremsstrahlung transition proba-
bility with the delta function factored out, expressing conservation of
energy. It is clear that V (K,k) must be at least first order in the
regular part of the field. In-reducing equation (1), only those contributions1 2 which are of the same form as equation (11) are to be included, since only

*they correspond to bremsstrahlung.
+

The total field Ek appearing in equation (1) and associated with the
bremsstrahlung process involving the test particle is given by1'4

+ +,~a(0 gf~ (2) +(1) +(2)

Ek -Ek' + Ek +( + Edpk + Edpk *(13)

Here Ek is the zeroth-order bremsstrahlung field

E. (

+0

where 0 designates the mode and ek is the polarization vector. If the brems-
strahlung field is to be real, then

__

*.-

E -k() (15)

1A. V. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Soy. J. Plasma Phys. 1 (1975), 371).

4H. E. Brandt, The Total Field in Collective Bremsstrahlung in a Nonequi-
librium Relativistic Beam-Plasma System, Harry Diamond Laboratories, HDL-TR-
1996 (September 1983).

6V. N. Tsytovich, Nonlinear Effects in Plasma, Plenum Press, New York
(1970), 314.

8H. E. Brandt, On the Form of the Collective Bremsstrahlung Recoil Force
In a Monequilibrium Relativistic Beam-Plasma System, Harry Diamond Labora-
tories, HDL-TR-2026 (January 1984)

*H. E. Brandt, Bremsstrahlung Recoil Force on the Third-Order Nonlinear ": 5"-

Dynamic Polarization Charge of a Relativistic Test Particle, preprint, HarryDiamond Laboratories, 1983 (to be published). S

9
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The fields and k in equation (13) are the self fields arising directly

from the relativistic test particle's own motion, namely,
4

(1) -iea

Ekn -v 9nm( k)6w -k va (16)
(2r) 3 (w + i6)

and

()-e Gnm(k) "0
(21)3(w + it) (17)

.," -.
(17).

dkj (c)*,+ + + (a)*
f - i6 EkljAmj kl,k)6(w + ,- k'v- k 1 "va)

The fields k and E 2 k in equation (13) are the increasing order fields
produced by the dynamic polarization current induced by the test particle and
are given by

4

() Edpkn = Gnm(k) [ e s  d 6(k +
Edpn' 2(w + i6) (wl i6)S(w 2 - i6) :2

(18)

x [S()(k,-kl,-k 2 )+ mxk,--.].E

and 'p

(2) -i dkl dk2 dk3Edpkn -Gnm(k )  e s f '-
w + i6 S ( 1 - i 6)(W 2 - i6)(w3 - i6)

(19)

x 6(k + k I + k 2 + k 3 ) E(s5 ,l 2-k3)EliE2jE

respectively. The symmetrization in equation (19) appearing in earlier
work1 ' 4 has been removed. The delta functions appearing in equations (18) and
(19) are four-dimensional, namely,

6(k) _- 3 (-it)t() . (20)

The second-order nonlinear conductivity tensor Sw(k,k I k 2 ) appearing in
equation (18) is given by

1A. V. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium

Plasma, Fiz. Plazmy, 1 (1975), 673 [Soy. J. Plasma Phys. 1 (1975), 371].
4H. E. Brandt, The Total Field in Collective Bremsstrahlung in a Nonequi-

librium Relativistic Beam-Plasma System, Harry Diamond Laboratories, HDL-TR- S
1996 (September 1983).

4 10
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- (S)'k'k" d3PsVs+[1- lV a,-.-'.

It (2W) 3  W, i ' k1 vs)S!)(k,kj,k2) =e2 ~ ~ 5 V51  rij{L ~ ~ ~ ,,2ke, (,a -gVs + iS apsj X'-
(21) e

a iF a Vsk a 1 R(O)
vjklm f +•

2- k2"vs + i6

The third-order nonlinear conductivity tensor E.(I3m~k,kl,k2,k3) is given by

ij m k 1 ,kk 3 )iS gien b

3++

d--- 5

d____ vsiw . o-ies, f d +p +s i-

(2w) 3 w- k-vs + i6 -.

x [16jn( I  - lOs) + kinvsj] 1 + 2)

aPsn w - I- (+ k1) s + i6

s

X L.5u(W2 +4 + k2uvs9A vs 3  +
,aps - k3"vs + i6

k vs fR ( 0) "[ .

x[6mq(w3 - 34Is + kqvsm a (O
3imj sq Ps

Letting BF& ') denote the operation of including only that part of (I)

which is of the bremsstrahlung form given by equation (11), we obtain

< rad(1)> = B<F 1 )> . (23)

Here < > denotes the ensemble average over the statistical phase distribution
of the bremsstrahlung, which to the needed order is assumed to be random.4

Substituting equations (1) and (13) in equation (23) gives _

+or ( aorad(l)
n1 > Fn , (24)

where

+Grad(1) 2 dk + +n + +
<F 1 >n B l-u elm f k v CEj>6(w -(25)

a n t+WtW + i6 , .,

4H. E. Brandt, The Total Field in Collective Bremsstrahlung in a Nonequi-
librium Relativistic Beam-Plasma System, Harry Diamond Laboratories, HDL-TR-
1996 (September 1983). -i
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k4

and

,  = 1, 2, ...5} (), k(1), dk(2), +A pE *. (26)

To the needed order, the stochastic properties of the bremsstrahlung field are
approximated by' 

4

=<EG 0O> 0 (27)
kiR

and

(0) IEG(O)126(k + kj) .(8

Substituting equations (26) and (27) in equation (25) for n = 1 produces

<Forad (1> 0 (29)

If we substitute equations (26) and (16) in equation (25) for n = 2, it is
evident that the resulting expression is not of the required form iven by
equation (11). For example it does not contain IEk(0T2; therefore the B
operation gives zero, thus:

<+arad(l) (0
<a >20 (0

Next substituting equations (26) and (17) in equation (25) for n = 3, we
obtain

-'; +orad(1I 2 dk + -e Gnm (k)
a >3 B lim 2 e kvn6(w - +.v (31)

tO W + i6 a(27w( + i6)
,.% dkl_ (a)* + + +) *

X%% f / 1 - Eklj>Amj (klk)6(w + w1 - k-v, lVot) I%:

1A. V. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Soy. J. Plasma Phys. 1 (1975), 371].

4H. E. Brandt, The Total Field in Collective Bremsstrahlung in a Nonequi-
librium Relativistic Beam-Plasma System, Harry Diamond Laboratories, HDL-TR-
1996 (September 1983).
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Furthermore, substituting equation (13) in equation (31) and using equation
(26) then

5
<Farad(1)>3 = < ad( 1)>3n (32)

where

*arad(I) 2I dk +.+ -eaGnm(k
<Fa >3n= B lir e i -t -10 + i s 2T ( 1 )

":. j , dk1  n* ()* , +4 + l
X J <Ek lj >Amj +klk)6(w -+w,- '+a)

Sbiun u i - ia

* Substituting equations (26) and (27) in equation (33) for n 1 produces

<orad(1)> 3
1  0 0 . (34)

Next substituting equations (26) and (16) in equation (33) for n = 2, we
obtain an expression which is clearly not of the bremsstrahlung form given by
equation (11), and therefore the B operation yields zero, thus:

<Frurad(1)> 32 = 0 . (35)

., Next substituting equations (26) and (17) in equation (33) f or n =3, we
[ 4obtain a higher order Born term which is also not of the bremsstrahlung form

given by equation (111), and therefore

.<parad 111>33 =0 . (36)

For consistency with the Born approximation, only those terms which are first
or second order in the regular part of the field are needed. 1

So that in the limit of t + - the integrals in equation (25) or equation

(33) do not vanish, it is important to note here that the following
combination of delta functions is needed in the integrand:

6"- ) lim L 6(w- . (37)
t+0 2w

In this way the t-1 factor is canceled. Equation (37) is obtained as follows.
The well-known integral representation of the delta function is

6(w) d-f t e-i-t (38)

1A. V. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 (Soy. J. Plasma Phys. 1 (1975), 371].
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Therefore

t/2 dt'
6(w- k-v) = lim f-- -k - (39)

t+ J-t/2 2w.

Then using equation (39) one has

62 +./2 dt' -i
(w k c) = 6(w k v(J urn -- e (40)

t+0 -t/2 I

I t / 2 +r +( i .; ) '- ':
lim -- -wk-v,)= lm6w-k .v,)e [

t/2 dt' 6 +=lira -- - k -vej

1'..

t +0 ft/22

t +( +fv):.
= lim - ( a

Thus in evaluating equation (31) one has an integrand containing the factor -

F 6(w - k+va)<Ek J>6( w + I- k'v - 1 4aV() (41)

or

F = W(w - 'v)<Elj>6( - 1 v) ; (42)

or substituting equation (13) in equation (42) produces

5
+ ( + - nu- + v (43)F=- ( -.va) <Ek 1j >0 i 6 .l .1 +.a.)

tn=1 •..

Because of equation (37), another factor of 6(wI - t.&v) is needed to give a ..

nonvanishing limit. For n = 2 in equation (43), one picks up a factor of

6(w, - t-I'a) by equation (16); however, the remaining integrand does not
.V contain the factor E (0)I2 necessary to be of the bremsstrahlung form given

by equation (11). An iteration of equation (17) in equation (43) can give the
quadratic delta function, but the remaining integrand is higher order. By

analogous reasoning

<gcrad(1)>34 = 0 (44)

<grarad(1)> = 0 . (45)

Therefore, substituting equations (34) to (36), (44), and (45) in equation

(32) produces

14
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a 3= 0 (46)

The quantity )>4 is nonvanishing and is calculated in a separate

report.* Here the result of that calculation will be designated < orad(1b)>.'-Thus :.

<jlorad(I)> 4  < orad(Ib)> . (47) .

In the present report we emphasize the calculation of < orad(la)> in equation

(2).

Substituting equations (26) and (19) in equation (25) one has

. .'
+arad (lI) 27r dk
<Fa >5  B lim -- e d 6( - *+4 a)vn

t +. t + i 6,''"

x -i es dk d2 dk 3 I_.es. (48)

W + i6 s (n) - i6)(w2 - i6)(W 3 - i6)

x 6(k + kj+ k2+ 3F p(kklk2-3<ki2jk3t

One has, using equation (13) to the required order in equation (48),

=Ek.iEk2  (E + + + EAp) +j ~>ki kI k I1i pki p_

(_) (49) 21 EA) (49)
23 N2 +_ 2 + P + dpk 2 j)-

x (E (O) + E" + Ek(21 1 +E2 E~3)>*

3X k3. 2 3 + 3 + 4

If equation (49) is substituted in equation (48), the only possible nonvan-
ishing contributions to the required order are given by

*H. E. Brandt, Collective Bremsstrahlung Recoil Force on the Bare Charge ' .,4

of an Unperturbed Test Particle in a Nonequilibrium Beam-Plasma System, Harry
Diamond Laboratories, 1983 (to be published as HDL technical report).
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<Farad ()> 5

2li dk * 6

t +Ct W +i

*1 • \ dk 1 dk2 dk 3

+ s (wi - i6)(w2 - i6)(w3 - i6)

6(k i k I + k 2 + k 3 ) 4sJ(k,-kl,-k2,-k 3) {2EE1 
*EO(O)*Eo(O)*

1 ()* a(o)* C(o)* 1 (1)* (0)* o(0)* > -50
+ -i .k2 j <Ekli Ek 3 X > + -i Ekli <Ek 2j -k 3  > (50)

The factors of 1/2 in the three terms in the braces arise from the fact that
equation (50) is effectively a self force; the field E) in equation (50) and
given by equation (16) is a field produced by the test particle a, and through
the dynamic polarization that it induces it produces a force which acts back
on the same test particle. Equation (50) may be rewritten as

<farad(1)>5 = <+arad(l)> 5  , (51)

where

<Fad11)>
51

2w dk +.+ +
-B lim - eJ k6(w k "va)vOP

tct W +i6 
.

I.,.

es (52)Wd k 1  d 2 +3 
._'_ 

_

i Gpm(k) ( e6)(W 2  i)(W 3  i) ().'e.

x 6(k + k1 + k2 + k 3 ) (k'-k1,-k 21 -k 3 ) (S) E 3  <Ekli Ekj>""
+~jtk-j-2-3 k~ ki +>k

• .. ,

: . 5%'S -V'
1% %,,% % %
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<Orad () >52

= B 7t dk + (w -

tm +C + i6

_____ i__ dkl dk2 dk 3
- ; x /Gpm(k) I es f (531
V~' its!s (W- its)( 2 - its)(w3 - its) 53F~ijjk,-k ,-k1 E(1)* <E (0)* EO(0)*

x 6(k + k, + k 2  + k3 ) ( I -k3) 2 kJ i * k k

and

" ! <Fa a d ( >53

( dk + +k+
... .,t w + i6

x..' ( -',Gpm(k) I es f 1/ k (54)

w-j S ( - i6)(W2 - it)(w 3 - i6)

% ;x 6(k + k I + k 2 + k3) (-7"(k -k1,-k2,-k3 ) 1E(1),.Ea(O)*,0O(O),
.. ki kll"k k3y>
Substituting equations (28) and (16) in equation (52) produces

9."

<orad(I)>51

w.'it221r dk + ++Blira t-- ea - k6(w k-va)
t+C0 w + i6 .

(_. i \.p dkl k2 dk3x vp m r(k) I e s f (55)SW (w1 - i W)(w2 - i6)(w3 - i6)

* 6(k + k, + k 2 + k3)4s £.k,-kl,_k2,_k3)

LI 2r)3ie 3 WvnG*n(k 3 )6(w 3 - 3evJekiekjEk 2

x 6(k I + k 2 ) .

Integrating equation (55) first over k2 , using the property of the delta
function 6(k I + k 2 ) and effectively setting k 2  -kI (that is, t 2 = -=, 2
-1), we obtain

17 I
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"+Orad 1 -a _ dk dkj dk3 k6(k + k 3 )6(w *a)y.-.i:.<Fad( >51 B li,, -
t" 8712t (w + i6)2(W 1  i6)(w + i6)(w 3  i6)2

x v pGpm(k )  E~l I~,k ,j-

%.! s

X~~ ~ ~ V Ojnk)() tvae a EO(0)1- kieklj kU

Next integrating equation (56) over k 3 produces

*orad(l) -e2  dk dk + ++
)>51 B - f 2  a)

S+0 (w + i6) 4w

x VpGpm(k) es0 Gj£(k,-kl ,kl1 k nvG~(-k) (57)
Li s

0 * io E (0)

One also has

Gnm(-k) = Gnm(k) • (58)

Equation (58) holds since
4

Ekn = Gnm(k)jkm (59)
w + i6

and by the reality of the current and field

E-k n = Ekn (60)

and

J-kn = Jkn (61)

4H. E. Brandt, The Total Field in Collective Bremsstrahlung in a Nonequi-
-C librium Relativistic Beam-Plasma System, Harry Diamond Laboratories, HDL-TR-

1996 (September 1983).
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Taking the complex conjugate of equation (59), replacing k by -k, and substi-
tuting equations (60) and (61) produces

-i * 0
Ekn Gnm(-k)jk m  (62)

W+ i.

Comparing equations (59) and (62) shows that equation (58) follows. Next
substituting equations (37) and (58) in equation (57), and noting that the t's
cancel, we find that the limit is trivial and .

+arad(l) L -e2 dk dkl k6(w k-v)
<Fa >51 =BI- If -_____

\16i /" (W + i6) 4w2

1

X vpGpm(k) e 1ij (v kGnkk (63)x sm13 £k, -k I ,k I ,kvCnn()63

x eklie Tlj IEk) 2

Changing variables {k,kl} to jkl,k} and ji,j,X} to {t,i,jj in equation (63)

produces

+crad(l) /-e 2  dk dkl E
>51= B a- es f +2 4k 1 I 2 E G(O) 2

l s W2(w + i;)

xvOpGpm(kI )vanGjn(k 1 )e'*e a- (64)

1 X 4.ijJ (k, ,-k,k,kl )6(wli - tl '+a)

If we substitute equations (28) and (16) in equation (53), we obtain

2 Tr dk

_ .".

lir 6- a  (w +*+ a
t +Cc t + i6

I~pm) 5-i dkl dk 2 dk 3  (65)X Vap pm(k) X es f -'::
VaP + P s (WI - i6)(W2 - i6)(w 3 - i)

(S) k iea,...
X 6(k + k 1 + k 2 + k 3 )Emij£(k,-kl,-k 2 ,-k 3 ) 2i 2)3 2  1

(2)(w 2 -icS)

r 20* a 02 )126(k, + k 3 )
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If we integrate over k 3 and k 2 , equation (65) becomes

+ _rad(1) / dk dkj k
<Fa >52 = B lim i--&f

t-( 8r
2tf (w + i6)LW 2

6 2 (W - ovea)vopGpm(k) [ esE mX](k,-kj ,k,k, (66)
S

x vanGjnl-k)eklJieuX k Yl

Next substituting equations (37) and (58) in equation (66) produces

+cOrad(l) /edk dkj k
<> 52 = B "  ) (ci- k vaJ

x vapGpm(k) e 5E)m £(k,-kl, k ,k l )va G jn (k) (67)
s

_ o* oe 1 .GO

Changing ,variables {kllk t to {k,kl} and {i,1} to {k,i} in equation (67), we
obtain

<F, >52 B fE" G()

x VPGM(k, )vanGjn(ki )e* ki (68)

x es E) (k 1 ,-k,k 1 ,k)6(wl - Zjtivc)

4 Next, substituting equations (28) and (16) in equation (54), we get

+Orad(l) 27 f dk+

>5 3  e a - 6 - k '+a)-%- t+i + i6
\,-9,,.. 1-i ______________

X V~ <)Gm~k) e8 j dkj dk2 dk3: ,.. xv -Gpm(k) es
(W. V+ 1 s W, - i6)(W2 - i6)(W3 -1i6)

x 6(k + + + k2 + k3 )ZP (k,-i,- 2 ,-k 3 ) (69)

1[ ie, 1
(2I i -]v.Gin (kl)(w, a), ,2 (2n)3(wI - i6)

-. (W1
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If we integrate over k3 and k I , equation (69) becomes

-.rad(1) (-e 2_ dk dk2 k/.\O>5 3 =Blim 1 -)t- \8r 2t/ (W + i6)4.2

2
62 - Gpm() (E00(k,k,-k2 ,k2 ) (70)- jev~vpp (k, k, -kl 2,.".

x vnGin(-k)ek*jek£ Ek)( 2 S

Next substituting equations (37) and (58) in equation (70) produces

+arad(1)> =Bek1 3 dk dk2 k k v
<F 5 B 1 - (f i 64w (w +'a

\161T / W + iS42

V(ke £(k,k,-k2,k2J (71)
x vapGpm(k ) I es ml2

s

X i Oe* ea " ")

Changing variables {k,k 2J to {klfk} and {i,j,X} to {j,£,i} in equation (71)
produces

aOrad(1)>53 = B(- a dk dkj kj EF(0)

U616 2(I+ i6)
4

x VPGp(k, )vaGjn(k1 )ek eki (72)

x I es(§L(k,k1,-k,k)6(w1 - it,1zJ "
s

However, equation (72) is not of the bremsstrahlung form given by equation
(11); in particular, it does not contain the delta function factor
6(w - t a + (Z- f)-40 in the integrand. Such a factor could only appear
through the third-order nonlinear conductivity tensor appearing in equation
(72). AccordIng to equation (22), the factor[W - - - it1) S + i] -

appears in Ejs,1(k,k ,k2,k3), and it can be written

+ 1
i

21
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- - "Vs +j W -I-.i.-"-l°V (73) : k : -'-4
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F. go - . . F

and the imaginary part contains a delta function; however, in equation (72) it .
is i (k,k1,-kk) which appears, so that the delta function becomes
-ii6(0), which is not of the required form. Thus the B operation in equation
(72) yields zero, and therefore

w"-.
<Farad (1 0 (74)

a >53

Next substituting equations (64), (68), and (74) in equation (51) and the

result together with equations (29), (30), (46), and (47) in equation (24),
and comparing with equation (2), then .

<F+ rad(la)> = B a dkl )1  IE I2  ""2

6 e 2(i + i 6 )"4

Xv GpPM(k)vanGjn(k, )e k * - (  1 - ]tl Va) (75)

r,.E(s) (s),
x Lm£ij(k1,-k,k,kl) + Em,3i(k1,-k,k1,k)]

4,.-.

It remains to be shown in this report that equation (75) reduces to equation
(3).

Evidently equation (75) should agzee with equation (24) of Akopyan and
Tsytovich.1  Clearly there is a typographical error in the latter since a
factor of e. has been omitted. Also a factor of (-2) and complex conjugation
signs on the conductivity tensor have apparently been omitted as shown below.
Their equation (24)1 contains an additional overall factor of (4w)2 (2w) - 6 due
to the use there of Gaussian instead of MKS units and differing Fourier
transform convention.

As was already noted elsewhere,
4 extra factors of (4r), (2w)- 6, and (2n)-3

evidently enter through E pkn in equation (19), due respectively to the use of
Gaussian units, differing Fourier transform convention, and differing normal-
ization of the background distribution fR(0) in equation (21). However the
normalization in equation (24) of Akopyan and Tsytovichl is apparently the
same as that here. Otherwise an additional factor of (2n) - 3 was omitted there
in equation (24). A factor of (2703 arises if the normalization is
restored. An additional factor of (4w)(27r) 3 enters through EM(n in equation

(16) due to the use of Gaussian units and differing Fourier transform

convention. As already noted, an additional factor of (2w) - 3 enters through
equation (1) due to the differing Fourier transform convention. These factors
combine to

[ (4"-)(2- 6 (2irf 3 ][(21r) 3 ][41(2n) 3 ][(21r)-3  
- (4n)2 (2)-6

IA. V. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys. 1 (1975), 371).

4H. E. Brandt, The Total Field in Collective Bremsstrahlung In a Nonequi-
librium Relativistic Beam-Plasma System, Harry Diamond Laboratories, HDL-TR-
1996 (September 1983).
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Because 6LiA same definition ofE in equation (28) here is used in equation
(13) there, the differing Fourier transform convention is compensated for.
Thus equation (75) is in essential agreement with equation (24) of Akopyan and
Tsytovichl up to the omission of a factor of (-2e,) and a complex conjugation
sign on the conductivity tensor. This follows since the 6 in wI + iS may

clearly be ignored, and'. (s) _(s)*
Emjij (kl,-k,k,kl) = -imij(kl1 k,-k,-kl) . (76)

Also if the background is assumed to be nondissipative to the needed order
then it follows that

(W1 + i6)-lGnj(kl) =[(w + i6)-lGjn(k1)]* (77)Ii which is true under certain conditions to be discussed below. Also for a
spatially isotropic system the Green's function is symmetric in its indices
according to equation (7). It should, however, be noted by comparing equation
(14) of Akopyan and Tsytovichl with equation (21) of Brandt4 that the indices
of Gil are interchanged in Akopyan and Tsytovichl in the definition of the
Green's function. It also follows that if one ignores the zero frequency
resonance denominator, then equation (77) may be used provided the
contribution of the imaginary part of the photonic Green's function is
negligible to the needed order. Evidently the complex conjugation on the
conductivity in equation (24) of Akopyan and Tsytovichl has been omitted. It

Ls required if their equation (25) is to be consistent with the fact that the
first and second complex denominators in their equation (21) are (W- (it.s)
- i6) and (W + W, - ( + Z1)° s - i6), respectively.4  In equation (76) the

tensor T.j(m(k,kl,k 2 ,k3 ) is given by'

T1m(k,kl,k2 ,k3 ) =e f d  .V -1 - l p s

+ + '___________ 1I- +-
1 k2 w 2 "s)- (78)

1sW~i~s) + -1 (+ + +)vs- i65 TL _

%i ka + _ -P_ k

+vsx(i+24ps)J NPI +W 3 -k3*v.7 + i6S 3 )]J PSO5.

IA. V. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Sov. J. Plasma Phys. 1 (1975), 371).

4 H. E. Brandt, The Total Field in Collective Bremsstrahlung In a Nonequi-
librium Relativistic Beam-Plasma System, Harry Diamond Laboratories, HDL-TR- .

1996 (September 1983).
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4L'.

It was concluded elsewhere4 that for consistency, negative imaginary parts
must be implicit in the first two denominators of equation (21) of Akopyan and
Tsytovich.1  By equation (22) here it is evident that

E(!3m(kli-k,k,kj) - , * ,kkk (79)1' 1- 1 m [ -1 k - , k .

Also from equations (22) and (78) it follows that .O

f e(qijm(-ki 'k ' -k, -k ) =-iT(j m (kl,k,-k,-k) ( o (80)76-f"-w.

If we substitute equation (80) in equation (79), then equation (76) follows. °[-

Equation (77) holds approximately if there is negligible linear absorption

of energy by the background beam-plasma. To see this one notes that the
energy Cabs absorbed linearly by the background beam-plasma is given by

= Jd 3 t dt E(t).j(t , (81)

where the Fourier transform of the field is given by equation (21) in an
earlier report,4 namely

Eki -Gij(k)jkj . (82)
*W + i6

In equation (82) G. is the linear photon Green's function of the background
beam-plasma. Rewriting equation (81) in terms of the Fourier transformed
quantities one obtains

abs= (2n)4 f dk Eki*j-ki " (83) ,.

Next substituting equation (82) in equation (83) prodices
(0) 2) dk

Cabs = -i(271) 4 f - Gij(k)jkjJ-ki * (84)

W + i6

If the current is to be real, then

J-k Jk (85)

'A. V. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Soy. J. Plasma Phys. 1 (1975), 371].

4H. E. Brandt, The Total Field in Collective Bremsstrahlung In a Nonequi-
librium Relativistic Beam-Plasma System, Harry Diamond Laboratories, HDL-TR-
1996 (September 1983).
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jm I

'S Substituting equation (85) in equation (84) results in
(0) ) / Gi j (k)

Cabs -i(21) 4 f dk J kjki (86)
i-- + i5

Also, clearly, since the energy must be real, then

(0)* (0) (87)

abs = abs (

Then using equation (87), we find

) (0 (0) (0(88)
Labs : abs + Labs (88)

But using equation (86)
) . (0)* dabs = i(27r)4 f Gij(k)JkjJk i  (89)

Wi - i6

Or, if we rename dummy indices {i,j} as {j,i}, equation (89) becomes(0)* (-Gj i(k)* .
Cabs = -i(27) 4 f dk ) + / JkjJki - (90)

Then substituting equations (86) and (90) in equation (88), we get

(0) i k)__ )
Cabs = -(2n4 dkL [W + i) ]ikiikj (91)

If linear absorption by the background is to be vanishing for arbitrary
current + then equation (91) must be vanishing, and therefore

Gij(k) - Gji(k)* (92)

in which case equation (77) immediately follows, It is to be stressed that
equation (77) is at best an approximation since the background will not be
completely linearly nondissipative. In summary then, equation (75) is in
essential agreement with equation (24) of Akopyan and Tsytovichl except for a
typographical error of omission of a factor of -2ea in the latter; also
Akopyan and Tsytovich there implicitly assume principal values with respect to
single-wave particle resonance denominators as well as the approximate

nondissipation relation, equation (77). However it is to be stressed that
equation (75) is independent of these assumptions.

IA. V. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Soy. J. Plasma Phys. 1 (1975), 371].
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Proceeding with the further reduction of equation (75), one first defines

mxij( -k,k,kl) E-B X es[Emij (k 1'-k'k'ki)
s (93)

+.(s) (k -k,k 1 k )
'+ m ji

Again the B operation selects only the part leading to the bremsstrahlung form
given by equation (11). Using equation (93) in equation (75) produces

", +arad(la) e&) dk dk I k I  (O)-. <F = B \1"+fI, °1
<.a B 2(W1 + i6)4'.

Xek~eki.;1m- IN"VJ (94)

xv p Gpm(k I )v nGjn(k I  oec* e 6(w Z1 + )( 4

x Zm~E (k 1 , - k , k , k I ).

If we substitute equation (73) in equation (22), then equation (93) becomes

Emiij (kl '-k,k,kl m_

-B(-i) [ e4 f 3 Ps Vsm

s (27r) 3 w - k 1 "vs + i6

(-W + k'vsVk[P TP
, + - (k + kj) "V

(95)

- iT6(W + W1 - (it + it + )S [(w - Vt s)Vps i + Vsi(kt ps)]ss s( tl +)pl si+p)
!..¢v~.

• V + +s + +
4,4 + k1 Vp 5 J* +I - kl"vs + i6

+ [(WI - i1i4s)VPs j + vsj( 1(i ps)]

Vsi . fR(O)
'.' - .v s + i6XLVpi+ W - s + - psJJI Ps

If we compare equations (94) and (95) with equation (I), It is evident that
only the part of equation (95) proportional to 6(W + I- (i + Zit )) can
lead to the bremsstrahlung form given by equation (11), which is proportional
to 6(W - K- V)+ (. Note that because of the factor 6(W1  - tI .va) in

equation (94) one can set W = ias -, toin 6(W1 - +Z v and also
rename the integration variable as -K to obtai -(i +Kv + (K - aso
Therefore the B operation in equation (95) selects, out of the sum over s,

only the term s = 0, and also only that part proportional to 6(W + W1
- ( + It )4$). Therefore equation (95) becomes
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.76%

= ~~ d 3
+Pa v______ + kvn'

mlij =B(-i)e4 f d + [(-W + k va)vp,,
(27r) 3 W1 - k 1 v8 + i6 (96)

+ va (-0' pa)]( i)Dij(k k, a)fR O)

where the operator Di (k,kl, 6 is defined by

~Dij (k,kl ,pa)

- - + Pi

vaj

+ vai(k. p8)1 P + + (97)
+IV 1 -vo + i6

+ ~ [[I- vSa)vp~ j 
+ Vaj (k+I 7p) Pai~w * a) +v -T P) - k.v 8 + i6

Simplifying equations (96) and (97) produces

(2"n) 3  
-k, vB + i6

+ okk4 ].fR(O) (98)

and.a

+ + 
2 2

(Wp v) + (99),+a

Dij 6(w + W01 -(+ + +1 )-+a) (a-k's paiaPaj +
p (I alVS apjPi,"'

va j  + +-(
k .- +k~ -[1"p) + V ai (k Vp s),paj

(a d - e q a toV Pni )1- k ") + i 6 ( 9 9 )
++ a

VaSk+pa -- 1"N a) + (W01 - +f1"vB)Vpaj 0"si~g Ps) - ev'a +  i6 -kf ,, i6 k:

x kf. Vp a) + va(+l. s)vPai + vaJ(k+, ) w -k'va + i6 (k4pa,

where the arguments of Dij (k,kl,B are suppressed. If we use the property of

the delta function in equation (99) to replace w,)1 -VI6 by -w0 + Z°8' the

first two terms cancel and equation (99) becomes
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C. F

',' Di = ( + 1 -i .
+ 1'. - k'sVpi - kl" v8 + i6+ + ++ + "sVp+

~(k. p8 Vp8 j + Ii*~8  - k1vVJ + 8 (100))
Dij (W + oo) jev)( avpik VP

- k + i++ k~ k (kI

v oj ( + * P O ) V p 8 i  + v i ( +* 1 O W 1 k ' v a i 6 ' P aUsing + id P

Using the properties of the derivative operator and using the delta function,
one may rewrite equation (100) as

6- + a1 +i " )Vp .( V j

-i (v W1(k1~BV + va) (i - kp8 ) V pa~+i(~P) + + i6)ipo-",';W k 1v + i6$ i"P

'.. (101)
k k k + + kg V

-oj (+ - -. 8. i0 )I a 8 ++ vj~~i~8)p 8  + Sjii pa + oi+* a Pa~Vp)

! In equation (101) the second and seventh terms cancel and the third and sixth
terms cancel. Further simplifying equation (101) produces

+ + +{ -+IV v~j 1 1 k1"vS + i i 6

_D ij = 6(w * WI - (ik + kl-S e
m 'p8P~

. - L =- .vs i "(102)

+ + + V( v -i-- - -

-V w k vo + i6/

-\w1 - kv 8 + i6/J

+ vi+ -2- + + + + "9P8
• v l'p - + i6(i -V 8JV~iV .Vpk

here equation (73) has been used in obtaining the last term. The last term

may however be dropped since it does not lead to the bremsstrahlung form,equation (11), and therefore it will not contribute to equation (94). In
Sparticular, because of the factor 6 '( 1 - 1 )'the needed factor6i( +w -(W + I )k8) becomes (S I - i°s). Also, if we replace w - it. by

-wI + 1" in the first and I- I° B by -w + i.v n" the third term,
equation (102) can be rewritten as

0 - k -. , v- '
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Di -6( -1-+ it,1)v+ P B1

( v +1k vs )k, Vp

) v -- - k..v

+ ' v - i .'-'.

w + (103)k~v" PJw - k va + i6,.

1 1 l.V iV ,.

+vi ..... a= +----k-a k,(v5

where

I / ,.~,:,,2 ..

Using the relativistic relation ino

vai =poic 2[Ip2c 2  + (mac2)2] - 1 / 2  (104) ,..

produces

1 v= (iv++ 
(10 ) ")

-VpV i ii y2 8 ij c 2  ,

where"'-

p f 0 / 22] 1_-

'-"Performing the differentiations in equation ( 103 ) using equation ( 105 ) ,

+ + + -ava

Dij 
+ 

+ i6 - k + 0 1 7) c2 /'.-.

kj yvo lkVjVm _-__/

( + V k- . (10")
V B V 8iklkmvj.6.tm - z

1- klv 8 + i6)2Y8m8
I viv j vikIv

i ij 20 + ( £j - .2
Y(m - k -v+ + i i6 ) -m8

(ojk jt 1~v :...0M
+ + +vxk + s£ vojvaiklt- - F km . . .. x - -- c4 '' f %

w k k v a + i 6 y O i c 2 k - v m
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Using the delta function to replace w, - it, -. by -w + I 8 in the denomina-
tor, we can rewrite equation (107) as

( I "V__ ___ ___i_ k v iv8
Dij W+ W1 -(k +. Ic1  ) y + ~+ .4 6i J(w.

-Vvj 1)c /L+ vsij c

(k1( + 1 VOVvi) + va•(k + + v)-)

+ ... i (.i~ -(08 )""'
v + i

Y vmSva + d Via)( - +VV

Ic____v sjiv __,,,- - _'v_ -.

k -v.v] + jV
2

Whe terms ar cobnd eqaton(088bcoe

-Wm+kl - iv + i C2

-- [6i vjv -+k I --- -+'-"-.-....

Y~O-w+k~+ i6) ~Pyc 2  ki~ \-.w +-v +~v +

+ +k+ ( +

2 - 'a + i6 c2  )8
When terms are combined, equation (108) becomes

1 (6 v~iva )(.1 ...,

+ + +

+ Vjkli +_ 4 __ ______v___

aL\~ -o~p k-v - iS) + (w- i6

Omm(
c

w + + 8 + i) v

p vaik- .j

+ +
-w + kva - i6) a + - V + k va + i6 -"w + kv'vi - i 6)

(109)

ca a + 0 -i)2+  = kv " '8.'

--TOm a ( k+1 k - .- * ( k .* i 6) 2v 8iv -j kT Va +v a f 'O

+C k pa "n
ysm~ +- k v i6) - ~ 8 + --

~ % * % * ~ ~ * * ' * .l.

*-~***-,, , ~ -

va i6A 

. ~

yom ac2 a ;1"V

.r0
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Further simplifying equation (109) produces

Dij 6(W + Wi - (k+ + it)v ai.) - - k v)

viV j + +. S . -
+ ojkli - v ikj  + V 2V8J ( k - i , (W1

+ k .vakI .$ '(

+ VBiVj (k1 k c 2

k l

~1/ kv 8  i) 2 
+(w k 8  i6)2

(w - +- -v

Equation (110) may be rewritten as

+++1 ).v) 1 (W a . 26iDj -6(w + W1  k ( k v+ vjo9

+ (W - v,8 )(vikj - vajkli )
(111)

-vsivsj [(w - i .4)2 + 8-(it- it1 )(',w -,s
+ +~j' +~ t

a+v aBI + e - k k v2kl 2 -v 8 + i)
2  (w - kv - i

++ + k- k-- 1

Further simplifying equation (111) produces

Dij -6(w + w, + ( +t + ".. v) )

" (W - k , v 8 k - v0 k li) - v 'iv 'j [i. itc2(1 2- )vok - v[k2kk
c 2  (1 12)

+

+ + +)+]
" (W - k1 ev - 4 ) ] +-- --- p[7w,- k.v' + i6)2 W= k" va i6) "p '-

Using the delta function to replace (W- Z18 .+- Z-V) by (-wI) in equation
(112), we obtain

Dij = -6 w + wI - (kt + irv1 v )V - - 26ij

+ (W - k' v)(vaikj - vojkli ) - V-iVaj k- (113)
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Substituting equation (4) in equation (113) produces

, Dij k k e-v,--"

1) 6(w + -+ + +1j4j(14

"" Next substituting equation (114) in equation (98) results in

Emtij -Bire3 f d +p  V(m k (2ir(210 3 k, _ va +  i6,.-:

+ Va.k" P]6(i + C1 - (k + Z1 ' J"v (115)

-,j (kk)lt + A",(k, k)ltj]. fRO)

Integrating equation (115) by parts, then (since the background distribution
4 fR(0) is vanishing at infinity), one obtains

Emij = Bie S ( {- [ +B_ ,

- F 3 - .v kn - ---

=- n + k1 ov8 - i6 +.-(1

xAj (k, k)It + .

Performing the derivatives in equation (116) using equation (105), and then
using the delta function to replace wI - I1 ova by -W + Z40 in the denomina-
tors, we obtain

A3 £ ""-
- 3  p'a 1 V(6. vmv) kn 1+"_ "
Emlij = yo a \19~..._8, ,(27) 3  -' - / - - i3 0:-

I In VarnVal va
_x (6n, k1

2 kv - i6 1n. (onx - V )

_ '. I IV mv n V am

+nvatkn kv
e -. i6 (117)

IO~A kn + v~mvOknk1r 1 v~nv~r
T-M V 2  + ii- kXv8 - i6)2  (C2

C.o0

; . x ~ ~ ~ - (it + i1ti)v8)[4 i(8 )*(kl,k)" + A()k~)' .p~p

4.. ::
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,% 
'7 '. ,.

Combining terms in equation (117) produces

Bie3 I d 3+p 1 kmvS£ - k1tvam

mit1) (2w) 3  'Y w -0' - its (118)

+ " ' ( + (];- ) '"S + + + +2 (+. ':"
C2  w - k~va - i6 - k , ve - i6) 2  (w -k.v - i6)

x (6(w + 1- (It + i )+a")[i()*(kl k)I + A( ) (klk)Jt1 ] Q *RO

Further simplifying equation (118), we obtain

Sd3p1 kmv£ - k1£v~m
Emlij =Bwre3 f d3;0~'~ L mt-

$ - -i-

MW - "++ 1"-+)

+ C 2 +(w - )2  - ++

x 6(w + W, - (it + Il)'4)[Ai!)*(klk 1t (119)

+ A ) (k 1 ,k )t ]. Pef(O)

If we use the delta function in equation (119) to replace (W- (i + ItI )--.
by (-W1 ), then after rearranging terms, we obtain

d~8 1 valkm - vkl
E -Bire3 f d3O62

i (2w) 3  tm *(w - - i-"

vEV Om (++ w
( ,A) ----- - k - 6(W + Wi - ( + Zl ).v) (120)(,w, - k.VO _ i6s)2 C2:.::..

S[A (k,,k)It + ^ (k1 ,k 31t, ]4paf Pa

Next substituting equation (4) in equation (120) produces

mlij= -Bwe 2  d d 3p A(O(k'k)6(w + ,- (k" + +I1 )° 8)

( (2w) 3  (121)

[A")*(kj,k)t + ^l ) (k1,kk]. " R(o)
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Equation (121) is to be compared with equation (26) of Akopyan and Tsytovich. 1

Since the B operation projects out s 8 as discussed above, equation (93) may
be written

mtij(k,-k,k,k,) Beo[Emij(kl,-kk,ki) + Z(,m)i (kl,-k,kl,k)] (122) .

Comparing equations (121) and (122), we find

B[Emlj (kl,-k,k,kl) + (k1k kl,k)]

d 3pa + +
=-Bite$ T-; 6 (w + w, (k + k1 Jv)(2w) 3(123)

,( )a( )* .( )+ R(O)
x m (kl,k)[Ai j  (kl'k)Z + Ai~j(k1k)Z1]4pfp "

By equation (4) it follows that 2

6(w + 1- + -1+")A(m
)  -k 6 + + v (k,k •

(124)

Substituting equations (76) and (124) in equation (123), dividing by i, and
taking the complex conjugate, one obtains

B[Tmlij(kl,k,-k,-kl) + Tmji(kl,k,-kl,-k)]

d3p P. .+(125)
-Biiwea 6 P (w + CjJ k + k .0 a 0

f 2)3 1 1 ) v v A( (kk,)[Aij)(klk)k

+fR(O)
Aij)(k1,k)1 ]Vpfp 8

If one ignores single-wave particle resonances, the i6 in equation (4) may be
ignored and A. )(k1 k) becomes effectively real and13

-A (k1 ,k) = PlAij(kl,k) , (126)

where P1 denotes the operation of taking principal values with respect to
* Cerenkov resonance denominators of the form (w - tov 8 + i6). The principal

part of A)(k k) is real. The nonprincipal part is proportional toi1a(W - C40) or 6-(w - f o8 ) according to equations (4) and (73). Therefore
it will not yield the correct bremsstrahlung form and may be dropped.
Operating on both sides of equation (125) with P1 and using equation (126), we
obtain

IA. V. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Soy. J. Plasma Phys. 1 (1975), 371).

2H. E. Brandt, Nonlinear Force on an Unpolarized Relativistic Test Parti-
cle to Second-Order in the Total Force in a Nonequilibrium Beam-Plasma System,
Harry Diamond Laboratories, HDL-TR-1995 (August 1983).

34

.eI

"." -.. 4"- "** • 4 - "• , .'- .4-. '.- .. . .' .. J'.'"%L J .'C-"" *4,* -v, . ," .... ,",. -"" "-"-' ."
"'"'"'" "'" " ' v" ' . " "'*% ' '"" *4€ """ '"'/€*,,. 

% '
.,,4"*J"" .... '.,'....,.-'. .. , ..- -.- -'.'-



(-.. p p'

PIB[T klk-,l mij Im~ji (k I ,k,-k I ,-k)]."".

=PiBiveo f d 386=+= (k + kI)°vs) (127) -

(26)()

Equation (127) agrees with equation (26) of Akopyan and Tsytovichl except for .-
k appearing interchanged with kI in Am£ and A i .  This is apparently an

error in the cited work. 1  The operation P1B is implicit there and the i is
absent since the imaginary part has been taken (the coefficient of i) and the
right-hand side of equation (127) here is purely imaginary.

Next substituting equation (121) in equation (94) results in

+arad(la) d3  dk dk
<F= B f ddp

161 2  (27r) 3 W2 (W1 + i6)
4

x ItlIEI(O)I26(w + ,- (t + -i1)o 8 )6(Wi -tl-+

% (8)( a* _a .8)*(128)
x va ~ m k ) ( ) k ,k)ek [ ek i A!ij  (kl,k)Gjn(kl)Voani

+ ( ( fR(O)

peiAi 1,k)Gjn(kl ) ] -p

Using equations (92) and (124) in equation (128) produces

< Parad (1a )>:-"

e-e2 dfp- "  dk dkj + a(O) 2
16,2 (2m) 3  2( 1 + i6)2w2

x 6(W + W1- (t - Ii)-' 8 )6(wi - 1)a)[egA(j)(kkl)Gmp(k)vp]* (129)

€ [egA)(k,k 1 )Gjn(k1)vn Jt + egiAjiVR(kkO)Gjn(k•)vnitj1 epof

Integrating over wI' letting ti = 4, and denoting DID

K= ( *,) , (130)

then we find that equation (129) becomes

1A. V. Akopyan and V. N. Tsytovich, Bremsstrahlung in a Nonequilibrium
Plasma, Fiz. Plazmy, 1 (1975), 673 [Soy. J. Plasma Phys. 1 (1975), 371].
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+oradC1a) = - Be dw dI dc 1.(0)12<F > -B -f d p

12K a i)(6 (2wT)3 w2('.' Ic-)

x 6( - + - ~(131)

x [ekijiA (k,-K)Gjn(-)vanz

e.iA j i (k,_)Gjn(-K)vanC]. fR(0)

If Cerenkov resonance is ignored, equation (126) applies. This is justified
since only the principal part of A()(k,-K) leads to the bremsstrahlung form,
and the principal part is real. Also, ignoring the i6 in (K°va- i6)
dropping the unneeded B operation, and making the change of indices from
{i,j,n,p} to {j,i,p,n}, we find that equation (131) becomes

e 3+ d2 23+ d3+. k0(0)
*orad(la) e d38  dw dk dk I "
<FQ >. f -C.__ __ _ __

167r2  (2w) 3  W2(+.va)4

c.va + -K kjvs (132)

leaA!)(k-.)Gi(-~v12(I+ Z). R(O)
ekjAij - O -pa 8f -

Equation (132) is in fact equation (3), as was to be shown. It is to be
stressed that to obtain this expression it was necessary to assume that the
background is approximately nonabsorptive and spatially isotropic. However,
these assumptions are not involved in equation (128). As already stated in
the introduction, equation (27) of Akopyan and Tsytovichl is apparently in
erro , namely, a factor of 2 is omitted there and the arguments
of Ai (-e,k) are interchanged. The additional factors of (4w) 2 (2)- there
are Ipparently due to the use of Gaussian units and different Fourier
transform conventions, as already discussed in equation (75). Also theGreen's function used there is symmetric.

.~.•
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r.. 3. CONCLUSION .1

. A number of important physical assumptions and mathematical techniques
-4 have been identified which are involved in Tsytovich's theory of nonlinear

bremsstrahlung and radiative instability in relativistic nonequilibrium beam- •
plasma systems. In particular, the stochastic average of the lowest-order
Born approximation for the nonlinear force on the bare charge of a relativ-
istic test particle, equation (1), has been reduced to the form given by
equations (2), (3), (47), (25), and (26). In the result of Akopyan and
Tsytovich,1 their equation (27) which corresponds to equation (3) here, a
factor of 2 is evidently omitted and the arguments of A( ) are incorrectly
interchanged. Equation (3) has been shown to hold provided the background is
approximately nonabsorptive and spatially isotropic. However, the form given
by equation (128) holds without these assumptions. Also, an important
expression, equation (123), was obtained involving the third-order nonlinear .o-.

conductivity tensor. Using this expression it was shown that in equation (26)
of Akopyan and Tsytovichl the arguments of A( ) are again incorrectly
interchanged.

The present work will facilitate better understanding of the methods

necessary to reduce the other components of the total nonlinear force due to
bremsstrahlung emission. 1 The latter is needed to determine the nonlinear
bremsstrahlung probability and the conditions for the occurrence of a brems-
strahlung radiative instability in nonequilibrium relativistic beam-plasma
systems.

.. S.

~Plasma, Fiz. Plazmy, 1 (1975), 673 [Soy. J. Plasma Phys. 1 (1975), 3711.
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